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QUANTUM HOMOGENEOUS SPACES OF CONNECTED HOPE 

ALGEBRAS 

KEN BROWN AND PAUL GILMARTIN 


Abstract. Let if be a connected Hopf fc-algebra of finite Gel’fand-Kirillov 
dimension over an algebraically closed field k of characteristic 0. The objects 
of study in this paper are the left or right coideal subalgebras T of H. They are 
shown to be deformations of commutative polynomial fc-algebras. A number 
of well-known homological and other properties follow immediately from this 
fact. Further properties are described, examples are considered, invariants are 
constructed and a number of open questions are listed. 


1. Introduction 

1.1. The left and right coideal subalgebras of a Hopf algebra H (defined in il2.2l) 
have been an important focus of research since the classical work on the commu¬ 
tative and cocommutative cases in the last century, [10], [34], [29]. Following the 
seminal papers of Takeuchi [35], Masuoka [26] and Schneider m attention has 
concentrated on the quantum homogeneous spaces, that is those coideal subalge¬ 
bras of H over which H is a faithfully flat module. This paper continues this line 
of research for the case where H is a connected Hopf fc-algebra of finite Gel’fand- 
Kirillov dimension n, (written GKdimH = n), with k an algebraically closed field 
of characteristic 0. 

This class of Hopf algebras has been the subject of a series of recent papers, 
see for example gs], m, m- None of these, however, has examined their coideal 
subalgebras, so a primary aim here is to lay out their basic properties and clarify 
topics for future research. Motivating examples from the classical theory are plenti¬ 
ful and offer a rich source of intuition - thus, H as above is commutative if and only 
if it is the coordinate ring 0(U) of a unipotent algebraic fc-group U of dimension 
n, while H is cocommutative if and only if it is the enveloping algebra U{q) of its 
n-dimensional Lie fc-algebra g of primitive elements. In the former case the coideal 
subalgebras of H are the (right and left) homogeneous U-spaces; in the latter case 
- thanks to cocommutativity - the coideal subalgebras are the Hopf subalgebras, 
hence are just the enveloping algebras of the Lie subalgebras of g. For references 
for these classical facts, see il3.31 ^13.21 

1.2. In both the above classical settings the faithful flatness condition always holds, 
and both the Hopf algebra H and its coideal subalgebras either are themselves (in 
the first case), or have associated graded algebras which are (in the second case) 
commutative polynomial fc-algebras. To extend this picture to the non-classical 
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world, we need the concept of the coradical filtration of a Hopf algebra, recalled in 
m\ The starting point is then the result of Zhuang, [40l Theorem 6.9], restated 
below as Theorem O stating that the associated graded algebra giH of H with 
respect to its coradical filtration is a polynomial /c-algebra in n = GKdimT? com¬ 
muting variables. Our first main result shows that the whole of the above classical 
picture extends to the setting of Zhuang’s theorem. 

Theorem 1.1. Let H be a connected Hopf algebra of finite G elf and-Kirillov di¬ 
mension n over an algebraically closed field k of characteristic 0 and let T be a left 
or right coideal subalgebra of H. Then 

(1) (TVlasuoka, [26j ) H is a free right and left T-module. 

(2) With respect to the coradical filtration of T, the associated graded algebra 
grT is a polynomial k-algebra in m variables. 

(3) GKdimT = m < n, and m = n if and only if T = H. 

The theorem is given below as Lemma ITT] and Theorem 14.31 Just as with parts 
(1) and (2), so also (3) incorporates familiar classical phenomena: ii W C U is a 
strict inclusion of unipotent fc-groups, then dimVL < dimG; and a strict inclusion 
of Lie algebras of course implies a strict inequality of their dimensions. 

A key point is that the polynomial algebra grH above is itself a Hopf algebra, the 
comultiplication and multiplication of H being “lifts” of those of giH. In particular, 
grH is connected, and hence is the coordinate ring of a unipotent algebraic fc-group 
U, as explained in 113.31 Moreover, T is a lift of the homogeneous G-space with 
coordinate ring grT. The case where H is cocommutative, that is, H is isomorphic 
as a Hopf algebra to the enveloping algebra of an n-dimensional Lie algebra, is the 
case where U is abelian, that is, U = (A:,-|-)". 

1.3. Following [23], we call a left or right coideal subalgebra T of a Hopf algebra 
H a quantum homogeneous space if H is faithfully flat as a left and as a right 
T-module. Thus (1) of the theorem ensures that all coideal subalgebras of H as in 
the theorem are quantum homogeneous spaces. 

As is completely standard, a filtered-graded result such as Theorem 11.11 has 
important homological consequences. Thus we deduce: 

Corollary 1.2. Let H and T he as in Theorem 0 

(1) T is a noetherian domain of global dimension m, AS-Regular and GK- 
Cohen-Macaulay . 

(2) T is twisted Galabi-Yau of dimension m. 

For unexplained terminology in the above, see the references and definitions in 
114.21 114.31 where these results are proved. The twisting automorphism in (2) is 
discussed in the next subsection. 

1.4. The antipode. As already mentioned, one of the pillars on which our work 
stands is the paper of Masuoka [26] . The relevant specialisation of the main result of 
that paper is stated here as ProDOsition l2.31 a central feature being the existence of a 
bijection between the left coideal subalgebras of H and the quotient right iJ-module 
coalgebras of H . Using this bijection and a well-known lemma due to Koppinen 

we deduce the following, where (1) is well-known, and valid in a much wider 
setting (see Lemma |2.6p . and the remaining parts are proved in Theorem 12.71 and 
Proposition 1121 
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Theorem 1.3. Let H and T be as in Theorem M.li and let S denote the antipode 
ofH. 

(1) The map T i—>■ S(T) gives a bijection between the sets of right and left 
coideal subalgebras of H. 

(2) S^(T) = T, and either (S'^)|t = id or |( 5 '^)| 7 ’| = oo. 

(3) Suppose T is a right guantum homogeneous space. Then the Nakayama 
automorphism ofT is S^ot^, where x *5 the character of the right structure 
of the left integral ofT. There is an analogous formula which applies when 
T is a left quantum homogeneous space. 

Both possibilities can occur in (2): for T = H, the smallest example with [S'! 
infinite occurs at Gel’fand-Kirillov dimension 3, namely the infinite family of exam¬ 
ples B{X) found in [40] and recalled here in 113.7I For T ^ H, can have infinite 
order already at dimension 2, as we show (for a coideal subalgebra of B{X)) in (|3.3I1 
in 113.51 For the unexplained terminology in (3), see 114.31 The determination of the 
Nakayama automorphism in (3) depends crucially on earlier work of Kraehmer |18j 
and of Liu and Wu [53] , [53] . 

1.5. The signature and the lantern. Let H and T be as in Theorem ll.il Given 
that giH and grT are graded polynomial algebras, their homogeneous generators 
have specific degrees whose multisets of values constitute invariants a{T) and a{H) 
of T [resp. H]. We call cr{T) the signature of T, and write cr{T) = ..., 

(r •) 

where et and are positive integers with ei < 62 < • • • < e^, and the term el 
indicates that the degree occurs times among the graded polynomial generators 
of grT. A closely related invariant is the lantern C{T) of T, defined in [33 Definition 
1.2(d)] for H itself, extended here to a quantum homogeneous space T: namely, 
jC{T) is the fc-vector space of primitive elements of the graded dual (gr(T))*. The 
basic properties of these invariants are as follows. 

Theorem 1.4. Let H be a connected Hopf algebra of finite Gelfand-Kirillov di¬ 
mension n over an algebraically closed field k of characteristic 0 and let T be a left 
coideal subalgebra of H with GKdimT = m> 0. Let <j{H) = {d!{^^\ ... and 

a{T) = Then 

(1) diirii = n and J2j foG = 

(2) di = Cl = 1; ifn>2, then ri > 2. 

(3) cr{H) = (1*^")) if and only if, as a Hopf algebra, H = U{g), the enveloping 
algebra of its n-dimensional Lie algebra g of primitive elements. 

(4) L{H) = 0j£(iL)((ii) is a positively graded Lie algebra of dimension n, 
with dhnkC{H){di) = mi. 

(5) CiH) is generated in degree 1 - that is, C{H) = . 

(6) If i < t then di+i = di-\-l. 

(7) C{T) is a graded quotient of C{H). 

(8) (t(T) is a submultiset of a{H). 

Parts (2),(3),(4), and (5) of this theorem were proved in [33, but they are proved 
again here in the course of proving the remaining parts, in §5. Finite dimensional 
positively graded (and therefore nilpotent) Lie algebras which are generated in 
degree 1, as C{H) is by (4) and (5) of the theorem, are called Carnot Lie algebras 
in the literature; see for example [9]. 
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We view one important function of these equivalent invariants as being to provide 
a framework for future work on connected Hopf algebras. We discuss this aspect 
further in 

1.6. Examples. In §3 we describe what is known about various particular sub¬ 
classes of quantum homogeneous spaces T of connected Hopf algebras H of Hopf 
algebras of finite Gel’fand-Kirillov dimension. Thus, we discusses the cases where H 
or T is commutative; where H or simply T is cocommutative; where GKdimT < 2; 
and where GKdimH < 3. Particularly noteworthy is the fact, recorded in Proposi¬ 
tion [33] in il3.4l that 

the Jordan plane J = k{X,Y : [X, F] = F^) is a coideal subalgebra 
of a connected Hopf algebra H with GKdimi? = 3. 

It is not hard to see that J cannot be supplied with a comultiplication with 
respect to which it is a Hopf algebra. 

1.7. Layout and notation. Some basic definitions, the keystone theorems of Ma- 
suoka and Zhuang, and the relevant properties of the antipode, are given in §2. 
Examples are discussed in §3; particularly crucial here is the commutative case, 
since this yields the required properties of grT and grH. The homological results 
are described and proved in §4, and the signature and lantern are covered in §5. §6 
contains a short discussion of future research directions. 

Throughout let k denote a base field, which we assume to be algebraically closed 
and of characteristic 0, unless otherwise stated. All vector spaces and unadorned 
tensor products will be assumed to be over the base field k. For a Hopf algebra H, 
we use A, e and S to denote the coproduct, counit and antipode respectively. The 
kernel of the counit will be denoted as Throughout this paper, the bijectivity 
of the antipode S is incorporated as part of the definition of a Hopf algebra; in 
practice this makes no difference to the main results, since bijectivity of S always 
holds when H is connected by [26l Proposition 1.2]. 

2. Basic definitions 

2.1. The Coradical Filtration. Let iL be a Hopf algebra. Recall that an element 
X G H is primitive if X{x) = l(8>a;-|-a:(g)l. The subspace of primitive elements of 
H, denoted by P{H), is called the primitive space of i7; P{H) is a Lie subalgebra 
of H with respect to the commutator bracket [x, y] = xy — yx. Let Hq denote the 
coradical of H, that is, the sum of all simple coalgebras of H , and define inductively 
the ascending chain of subcoalgebras of H, 

Hr, := A-\H®Hr,-i+Ho^H). 

Then {i7n}^o the coradical filtration of H. 

Suppose now that H is connected^ that is, Hq = k. Then Hi = fc © P(H), and, 
by [28l Lemma 5.2.8] {iLnj^o forms an algebra as well as a coalgebra filtration 
of H, such that S{Hi) C Hi for * > 0; that is, it is a Hopf filtration. Hence, the 
associated graded coalgebra of H with respect to the coradical filtration, 

OO OO 

griL = 0iL(z) i7_i := {0}. 

2=0 2=0 
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forms a graded connected Hopf algebra. Furthermore, by a result of Sweedler ([33l 
§11.2]) with several subsequent rediscoveries, when H is a connected Hopf algebra 
(over any field) , gr H is commutative. 

As noted in [321 §1] and [40l Remark 5.5], if H is connected and dimfe(P(i7)) < oo 
(which is the case when GKdimiJ < cjo since U{P{H)) C H), then dimi?(i) < oo 
for all i > 0. Thus, by |40l Theorem 6.9] (which we restate as Theorem 12.11 below!. 
when H is connected of finite GK-dimension, gr i? is a graded polynomial algebra in 
finitely many homogeneous variables. Moreover, gr iJ is a coradically graded coalgebra 
Definition 1.13] - that is, for n > 0, (griJ)„ = 0"^o !?(*)■ Summarising the 
above discussion, we obtain 

Theorem 2.1. (Zhuangj [JHl Theorem 6.9]) Assume that k is an algebraically 
closed field of characteristic 0 and let H be a connected Hopf k-algebra, with asso¬ 
ciated notation as introduced above. Then the following statements are equivalent: 

(1) GKdimi? < oo. 

(2) GKdimgriJ < oo. 

(3) gr H is finitely generated. 

(4) gT H is isomorphic as an algebra to the polynomial k-algebra in I variables 
for some i > 0. 

In this case, GKdimi? = GKdimgri? = £. Moreover, gr H is connected both as a 
Hopf algebra and as a graded algebra. 

Whenever we speak of the associated graded algebra of a connected Hopf algebra, 
we shall mean with respect to its coradical filtration. Similarly, the degree of an 
element of a Hopf algebra will always be understood to be with respect to the 
coradical filtration, unless otherwise stated. 

2.2. Coideal subalgebras and quantum homogeneous spaces. Let H he a 

Hopf algebra. A subalgebra T of iL is a left coideal subalgebra if 

A(T) <ZH®T. 

Similarly we say that T is a right coideal subalgebra if A(T) (f-T ®H. The coradical 
filtration T := {Tn}n>o of a left coideal subalgebra T oi H is defined to be 

Tn :=TnHr,. 

For each n > 0, A(T„) C i? 0 T„, and so the associated graded space 

OO 

gr^:=0T(^) CgriJ; T{i) := {{T n H,) + H,_i)/H,_i. 

i=0 

satisfies the condition 

A(grT) C griL (8>grT. 

Summing up the above we get the following. 

Lemma 2.2. Let H be a connected Hopf k-algebra of finite GK-dimension, and 
let T be a left coideal subalgebra of H. Then grT is a left coideal subalgebra of the 
commutative graded connected Hopf algebra gr H. 

There is some inconsistency in the literature as to the precise definition of a 
quantum homogeneous space. For example, Kraehmer in [18] defines a left quantum 
homogeneous space to be a left coideal subalgebra C of a Hopf algebra H such that 
H is a faithfully flat left C-module. We adopt in this paper the formally more 
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restrictive definition used in [23]: a left quantum homogeneous space of the Hopf 
algebra H with a bijective antipode S' is a left coideal subalgebra T oi H such 
that H \s a. faithfully flat left and right T-module. In fact, for the connected Hopf 
algebras which are the object of study in this paper, the distinction is irrelevant, 
as shown by the result below. 

Given a quotient right iJ-module coalgebra 7r(iJ) of H, define the right coinvari¬ 
ants of TT, 

■- {h& H -.^hi® TT{h2) = h (g) 7r(l)}. 

Then is a left coideal subalgebra of H. Analogously, the left coinvariants of 
TT are 

--{heH-.Yi ® ^2 = 7r(l) (g) h}, 

a right coideal subalgebra of H. 

Proposition 2.3. (IHasuoka, [26]J Let H be a connected Hopf algebra and T C H 
a subalgebra. 

(1) The antipode S of H is bijeetive. 

(2) T is a left coideal subalgebra if and only if it is a left quantum homogeneous 
space. In this case, H is a free left and right T-module. 

(3) The correspondences T i—>■ {ttt '. H — > H/T^H} and tt i—>■ give a 

bijective correspondence between the left quantum homogeneous spaces of H 
and the quotient right H-module coalgebras of H. 

(4) There is a parallel version of (3) for right coideal subalgebras of H. 

Proof. (1) This is |26l Proposition 1.2(1)]. 

(2) Suppose T is a left coideal subalgebra of the connected Hopf algebra H. Since 
To = TniJo = k, S(To) = To, and so, by [221 Theorem 1.3(1)], H is a left and right 
faithfully flat T-module. The last sentence is a special case of [26l Proposition 1.4]. 

(3) , (4): Since S{To) = Tq as in (2), this is [23 Theorem 1.3(3)] and the version 

with right and left swapped. □ 

Note that, notwithstanding the above result, it is certainly not true that a left 
coideal subalgebra T of an arbitrary Hopf algebra H is a quantum homogeneous 
space. For example, let H = k{x), the group algebra of the infinite cyclic group. 
Then T := k\x\ is both a left and right coideal subalgebra of H , but not a Hopf 
subalgebra, since S(T) T; and H is not a right or left faithfully flat T-module. 

The following (presumably well-known) lemma will be used later when classifying 
quantum homogeneous spaces of small GK-dimension. 

Lemma 2.4. Let T be a left coideal subalgebra of a Hopf algebra H. Suppose 
T ^ Hq. Then 

Ti :=TniIi ^To. 

In particular, if H is connected then 

P{T) ■.= Tf]P{H) k. 

Proof. Let T be a finite dimensional left subcomodule of T with T Hq; this exists 
by [28l Theorem 5.1.1]. Let P denote the subcoalgebra of H generated by T; T is 
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finite dimensional by [2H1 Theorem 5.1.1]. Then the finite dimensional algebra P* 
acts on P via the right hit action, 

P (g) P* ^ P : p<g f f f{pi)P2- 

where A(p) = YIpi ® P‘ 2 - Since T is a left subcomodule of T, if t e T then 
A(t) = ® ^2 G P ®T. Thus Yf{^i)t 2 S T for all t G T, so T is a P*- 

submodule of P. 

As is well known (see for example [551 §5-2]), the terms Pi = PDHi of the corad¬ 
ical filtration of P are precisely the elements annihilated by the powers 
of the Jacobson radical J(P*) of P*. Now T ^ J{P*) ^ 0 since T Hq. Since P* 
is a finite dimensional algebra, 

Annf{J{P*)) C Anuf {J{P*f), 

as required. □ 

2.3. Quantum homogeneous spaces and the antipode. Recall the following 
well-known and easy facts, where k can be any field. 

Lemma 2.5. Let H be a Hopf algebra with a bijective antipode. 

(1) The map C S(C) gives a bijection between the sets of left and right 
eoideal subalgebras of H. This bijection restricts to a bijection between the 
left and right quantum homogeneous spaees of H. 

(2) If C is a left or right coideal subalgebra, then S{C) = C if and only if C is 
a Hopf subalgebra of H. 

Proof. (1) Let C be a left coideal subalgebra of H and x € C. Then 

A{S{x)) = T o (S' (g) S') o A(x) = S{x 2 ) ® S(xi) G S{C) g H. 

That is, S(C') is a right coideal subalgebra. Applying S“^ shows that the correspon¬ 
dence is bijective. Clearly the correspondence preserves any flatness properties. 

(2) This follows immediately from (1). □ 

In the following lemma, we only need to assume that k does not have character¬ 
istic 2. 

Lemma 2.6. Let H be a connected Hopf k-algebra. 

(1) There exists a k-hasis B of H sueh that BC\Hn spans Hn for all n, and, for 
all n and all b G B Cl Hn, there exists ri, G Hn-i such that S{b) = ±6 -|- rf,. 

(2) Let h G Hn. There exists r G Hn-i such that S'^{h) = h + r. 

Proof. (1) First, S induces the antipode S of gtH. Since gvH is a commutative 
Hopf algebra by |33l §11.2], S has order 2 by [28l Corollary 1.5.12]. Thus the result 
follows by constructing B fl by induction on n, the new elements at stage n 
being lifts of a basis of 5'-eigenvectors of H{n). 

(2) This follows immediately from (1). □ 

Theorem 2.7. Let H be a connected Hopf k-algebra, with k a field of characteristic 
0, and let T be a (left or right) quantum homogeneous space in H. 

(1) S^{T) = T. 

(2) Either = id or |(5'^)|7’| = oo. 
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Proof. (1) Suppose for definiteness that T is a left coideal subalgebra of H. Under 
the bijective correspondence of Proposition I2.3f 2b T eA H/T^H, and the right 
coideal subalgebra S{T) corresponds to H/H{S{T)~^). But 

H{S{T)+) = HS{T+) = S{T+H) = HT+, 

where the final equality is Koppinen’s lemma, [m Lemma 3.1]. Thus, applying S 
now to the pair {S'(T), iJ5'(T)+}, it follows that the left coideal subalgebra S'^(T) 
is paired with H/S{HT'^) = H/T'^H . By the bijectivity of the correspondence of 
Proposition 12.31 31. we must have S^{T) = T as required. 

(2) Suppose that (S'^)|t id, and choose h £ Tn with n minimal such that 
S^{h) 7 ^ h. By Lemma [2.61 21 there exists 0 ^ r € Hn-i such that S^{h) = h + r. 
By the first part of the theorem, r gT. Hence, by choice of n, S^{r) = r, so that, 
for all m > 1, 

=h + mr. 

As k has characteristic 0, S‘^'^(h) h for every m > 1, as required. □ 

Note that part (1) of Theorem 12.71 holds, with the same proof, for any pointed 
Hopf algebra H and left coideal subalgebra T C H with S{Tq) = Tq. This is 
because Proposition 12.31 is valid in this wider context. But things go wrong with 
part (2): consider for instance Sweedler’s 4-dimensional pointed Hopf algebra ^51 
Example 1.5.6], 

K := k{g, x,: = 1, x^ = 0, xg = -gx). 

with IS.{g) = g ^ g, A(a;) = x ^ 1 + g ® x, e{g) = 1, €{x) = 0, S{g) = g and 
S{x) = —gx. Here, j^j = 4. 

In part (2) of the theorem, both alternatives can occur. Of course = Id 
when H is commutative or cocommutative, [SS] Corollary 1.5.12]. On the other 
hand, as we illustrate in 1 13.51 there are connected Hopf algebras of GK-dimension 
3 containing quantum homogeneous spaces T of GK-dimension 2 with ISpy] = oo. 


3. Examples of quantum homogeneous spaces of connected Hopf 

ALGEBRAS 

3.1. Coideals in commutative connected Hopf algebras. Recall that k is 
algebraically closed of characteristic 0, so that iL is a commutative affine Hopf 
A:-algebra if and only if H = 0{G) for an affine algebraic fc-group G, [551 §1.4]. 

Theorem 3.1. Let H = 0{G) as above, with dimG = n. Then the following are 
equivalent: 

(1) H = k[Xi, ..., Xn] as algebras; 

(2) G is unipotent; 

(3) H is connected. 

Proof. (1)=>(2): This is hazard’s theorem, [20] . 

(2)=»(1): [551 Theorem 8.3]. 

(2),tA(3): [551 Theorem 8.3]. □ 

Now we review the homogeneous G-spaces for G as in the above theorem. 
and ^°'^P[ have been dehned in 12.21 
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Theorem 3.2. Let G he an affine unipotent algebraic k-group of dimension n, and 
let T be a closed subgroup of G with dimT = m. Let H — 0(G) and let I be the 
defining ideal ofT, so L is a Hopf ideal of H with H/I ^ 0{T). Let tt : H ^ H/L 
be the canonical epimorphism. 

(1) Let K = and W = H. Then K [resp. W] is a left [resp.right] 

coideal subalgebra of H, with W = S{K) and K = S{W). 

(2) K is a Hopf subalgebra of H-^K = W<^T is normal in G K'^H is a 
conormal ideal of H. 

(3) K and W are polynomial subalgebras of H in n — m variables, with 

H = K[ti, ...^tm]= W[tl, ...,tm] 

for suitable elements U of H, 1 < i < m. 

(4) Every coideal subalgebra of H arises as above. Namely, if K is a left coideal 
subalgebra of H of dimension n — m, then K^H is a Hopf ideal of H, so 
H = OfT) for a closed subgroup T of G with dimT = m, and K = ]T'^°'^ 
where tt : i? —> H/K'^H. 

Proof. That K = S'(tT) is a special case of the proof of Theorem 12.71 1'). The rest 
of (1), and (4), are special cases of Proposition 12.31 although of course they were 
known much earlier. 

For part (3), note first that L = K^H = W^H by (4), and H/1 = k[z^..., Zm] 
by Theorem 13.11 That the extensions K G H and W C H split as stated now 
follows from basic commutative algebra, taking ti,... ,tm to be any lifts of a set 
of polynomial generators from H/1 to H. The structure of K and W is a. theorem 
of Rosenlicht, [301 Theorem 1], but can also be seen easily by exploiting the basic 
properties of unipotent groups as in the proof of Theorem 13.31 below. 

For (2), see [23 3.4.2 and 3.4.3]. □ 

Theorem 3.3. Continue with the notation and hypotheses of the previous theorem 
for H and G. 

(1) Let K be a left coideal subalgebra of H, of dimension n — m. Then there is 
a complete flag 

(3.1) k = Ko G Ki G ■■■ C Kn-m = K G ■■■ G Kn=G, 

where the Kj are left coideal subalgebras of H with dtmKj = j for all 
j = 0,...,n. 

(2) If K is a Hopf subalgebra of H then the Kj in 1,7.,91) can be chosen to he 
Hopf subalgebras. 

(3) Let each of K and L be a left or right coideal subalgebra of H, with L G K. 
Then 

GKdimiir = GKdimL ^ K = L. 

Proof. (1) and (2): By Theorem 13.21 41. there is a closed subgroup T of G, with 
dimT = m, whose defining ideal is K^H, and K = T[^°^ where tt : H ^ H/K^H. 
The theorem follows by dualising the following standard facts about a unipotent 
group G in characteristic 0, see for example [HI §17.5]: 

• G has a finite chain of normal subgroups 1 = Gq C Gi C • • ■ C Gn = G 
with dimGi = i and Gi+ifGi = (fc, +) for all i; 

• if T is a closed subgroup of G with T G then the normaliser Na{T) of 
G is closed, and dimA^G'(T) > dimT. 
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(3) The construction of T from K, and of the analogous closed subgroup B of G 
from L, does not depend on whether K and L are right or left coideal subalgebras. 
In all cases T C B and (3) follows from the second of the above bullet points. □ 

3.2. Cocommutative coideals in connected Hopf algebras. Let C be a co- 

commutative left quantum homogeneous space in a connected Hopf algebra H . 
Then cocommutativity ensures that C is in fact a connected sub-bialgebra of H, 
and so a connected Hopf subalgebra, [28l Lemma 5.2.10]. Thus one can apply the 
Cartier-Gabriel-Kostant theorem [28l Theorem 5.6.5], characterising cocommuta¬ 
tive connected Hopf algebras over a field of characteristic 0; we find that 

C is isomorphic as a Hopf algebra to U{q), 

where g = P{C) is the Lie algebra of primitive elements of C. Conversely, of 
course, each subalgebra of the Lie algebra P{H) gives rise to a cocommutative 
coideal subalgebra of H. 

3.3. Commutative coideals in connected Hopf algebras. Let C be a com¬ 
mutative left quantum homogeneous space in a connected Hopf algebra H of finite 
GK-dimension n. Then C has finite GK-dimension. By Theorem 14.II below there 
exists some m G Z>o such that m < GKdimgriJ = n and giC = k[Xi,... ,Xm]- 
Moreover, GKdimC = GKdimgrC = m, with m = n if and only if C = H. In 
particular, C is affine, generated by any choice of lifts of the graded generators Xi 
to C. Thus (7, being commutative, is isomorphic to a factor of the polynomial k- 
algebra Rinm variables. However, proper factors of R have GK-dimension strictly 
less than m, so C = R. We have proved: 

Proposition 3.4. Let C be a commutative left quantum homogeneous space in a 
eonneeted Hopf k-algebra H with GKdimiJ = n < oo. Then C is a polynomial 
algebra in m variables, where m < n and m = n if and only if C = H. 

3.4. Quantum homogeneous spaces of small Gel’fand-Kirillov dimension. 

Let C be a left quantum homogeneous space in a connected Hopf fc-algebra H , 
with GKdimiL < oo. We note here that, in dimensions 0 and 1, only classical 
homogeneous spaces occur in such a Hopf algebra; but a non-classical example 
occurs already with Gel’fand-Kirillov dimension 2. 

(1) Suppose GKdim(C') = 0. Since k is algebraically closed of characteristic 0, 
H is a. domain by SOI Theorem 6.6]. Since C is locally finite dimensional, C = fc is 
the only possibility. 

(2) Suppose GKdim(C') = 1. By Lemma [2^ there exists 0 ^ c G C Cl P{H). 
Thus C contains the Hopf subalgebra k[c\ of H. It is an immediate consequence of 
Proposition 14.21 below that in fact k[c] = C, so that: 

the only quantum homogeneous space C with GKdimC = 1 m a 
eonneeted Hopf algebra H with GKdimTJ < oo is C = k[c] with c primitive. 

(3) Suppose GKdim(C) = 2. Then, in addition to the classical examples, namely 
the enveloping algebras of the two fc-Lie algebras of dimension 2 with the usual 
cocommutative coproduct, one finds that the Jordan plane 

(3.2) J = k{X,Y ■.\X,Y] = Y^) 

occurs as a coideal subalgebra of a connected Hopf algebra of Gel’fand-Kirillov 
dimension 3. The details are given in 1 13.51 below. In particular. 
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Proposition 3.5. There exists a quantum homogeneous space of a connected Hopf 
algebra of finite GK-dimension whose underlying algebra does not admit any struc¬ 
ture as Hopf algebra. 

To prove this, one calculates that {[J, J]) = Y^J, so that the abelianisation 
of J is k[X, Y]/{Y'^). Since, as is easily checked, the abelianisation of a Hopf algebra 
is always a Hopf algebra, and commutative Hopf algebras in characteristic 0 are 
semiprime [38l Theorem 11.4], the claim follows. This suggests an obvious project: 
classify the connected quantum homogeneous spaces of Gel’fand-Kirillov dimension 
2. This is listed below as Question 16.21 

3.5. Connected Hopf algebras of small Gel’fand-Kirillov dimension. Let 

k as usual be algebraically closed of characteristic 0. Zhuang in [40l Examples 
7.1, 7.2, Proposition 7.6, Theorem 7.8] classified all the connected Hopf fc-algebras 
H with GKdim(i7) < 3. In dimension at most 2 one obtains only the enveloping 
algebras of the Lie algebras 0 with dimfe( 0 ) < 2, with their standard cocommutative 
coproducts. 

However, for Gel’fand-Kirillov dimension 3, in addition to the cocommutative 
examples, the classification is completed by two infinite series of (generically) non- 
commutative, noncocommutative connected Hopf fc-algebras H(A,/i,a) and B{X). 
We record here the quantum homogeneous spaces of B{X); the classification for the 
algebras A{X,fj,,a) follows a similar pattern. We shall return to the family B{X) 
again later to illustrate our results - see Example (I5J1). 

Let A G fc and define 

B{X) = fc{wr, z: [Wy] = y, [y, x] = -z + Ay, [y,y] = iy"). 

Define A: B^BiZiB,S:B^B and e : H —>■ fc by setting 

X,Y G P{B{X)y, A{Z) = 1^Z + X(E)Y + Z(8)1. 

and 

e(X) = e(y) = e{Z) = 0; S{X) = -X, S{Y) = -Y, S{Z) =-Z + XY. 

One checks routinely that these definitions extend to yield algebra homomorphisms 
A and e and an algebra antihomomorphism S. In gni Example 7.2] it is proved that 
{B, A, e, S) is a connected Hopf algebra of GK-dimension 3. An easy calculation 
shows that S'^{Z) Z for any m > 0, hence 

(3.3) B{X) is a connected Hopf algebra whose antipode has infinite order. 

With W := Z — \YX^ a simple calculation shows that, as an algebra, B{X) is iso¬ 
morphic to the enveloping algebra of the soluble fc-Lie algebra g with basis X, Y, W 
and relations 

[X, y] = y, [w, Y] = 0, [X, w] = w - ax 

To fix notation we recall the following: 

Definition 3.6. Let i? be a ring, a a ring automorphism of R, and d a cr-derivation 
of R (that is, an additive map d : R ^ R such that d{rs) = a{r)d{s) -\-d{r)s for all 
s,r G R). We write A = R[z-, a, d] and say that A is an Ore extension of R provided 

( 1 ) A is a ring, containing i? as a subring. 

(2) z is an element of A. 

(3) A is a free left i?-module with basis {1, 2 ;, z^,...}. 
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(4) zr = a{r)z + d{r) for all r G R. 

By straightforward calculations, which we leave to the interested reader, one can 
verify the following: 

Proposition 3.7. The following is a complete list of the non-trivial proper coideal 
subalgebras of B(X). 

(1) Set flo- to be the 1-dimensional Lie algebra in B{X) with basis {X + aY} 
(a G k), and gtx, to be the Lie algebra with basis {P}. Then {U{Qa) ■ ck € 
k U {oo}} is the complete set of Hopf subalgebras (and also left or right 
coideal subalgebras) in B{X) of G elf and-Kirillov dimension 1. 

(2) Let G Derk{U{Qoo)) be given by 

5p{Y) = y + = ^Y^. 

Then 

Lg ■■= C/(floo)[-’^ + j3Z\5p\, for P G k; and Loo := U{q^)[Z;S] 

are all the left coideal subalgebras of G elf and-Kirillov dimension 2 in 5(A). 

(3) The right coideal subalgebras of GeTfand-Kirillov dimension dimension 2 
in 5(A) are 

Rp :=U{z^)[X + P{Z - XYf5.pl forPGk} 

and 

5oo :=Uig^)[Z-XY;-Sl 

(4) S{Lp) = Rp for P G kU {oo}, and vice versa. Moreover, Lq = Rq is the 
only Hopf algebra in the lists (2) and (3), and is the only algebra which 
occurs in both lists. 

4. CoiDEAL Subalgebras of Connected Hope Algebras 

4.1. Associated graded algebras and Gel’fand-Kirillov dimension. The start¬ 
ing point for almost everything which follows is: 

Lemma 4.1. Let H be a connected Hopf algebra of finite GK dimension n and 
T G H a left coideal subalgebra. Then giT is a left coideal subalgebra of grH, and 
so there exists some m < n such that gr T forms a graded polynomial algebra in m 
variables, with grH = grr[ym+i, • ■ •, Vn] for some elements y-m-i-i, ■ ■ ■ ,yn of grH. 
Moreover, GKdimT = GKdimgrT = m G Z>o. 

Proof. Most of this is an immediate consequence of Lemma ^Y2 \ and Theorem l3.2r 3l 
and (4). For the final equality of gel’fand-Kirillov dimensions, use [23 Proposition 
8.6.5]. □ 

The first consequence of Lemma HTT] is the quantum analogue of the fact (Theo- 
rem 13.31 311 that the normaliser Nc{T) of a closed proper subgroup of a unipotent 
group in characteristic 0 has dimension strictly greater than that of T. It follows 
at once from Lemma 14.II and Theorem 13.31 31. 

Proposition 4.2. Let H be a connected Hopf k-algebra of finite GeTfand-Kirillov 
dimension. Let T and S be (left) coideal subalgebras of H such that S GT. Then 
S = T if and only if GKdimT = GKdimT. 
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4.2. Basic properties of quantum homogeneous spaces of connected Hopf 
algebras. Next, we show that the excellent homological properties enjoyed by 
connected Hopf algebras of finite GK-dimension extend to their quantum homo¬ 
geneous spaces. The proof is a standard application of filtered-graded methods, 
closely following the case T = H dealt with by Zhuang in [40l Corollary 6.10]. The 
terminology and notation used in the theorem is standard, and can be found for 
example in 127], m or m- In particular, the (homological) grade of a module M 
over a fc-algebra R is jR{M) := inf{j : Ext'ij(M, i?) ^ 0}. 

Theorem 4.3. Let H be a connected Hopf k-algebra of finite Gelfand-Kirillov 
dimension n. Let T be a left coideal subalgebra of H with GKdimT = m. 

(1) T is a noetherian domain of Krull dimension at most m. 

(2) T is GK-Cohen-Macaulay. 

(3) T is Auslander-regular of global dimension m. 

(4) T is AS-regular of dimension m. 

Proof. (1) This follows from [271 Proposition 1.6.6, Theorem 1.6.9 and Lemma 
6.5.6]. 

(2) Let M he & finitely generated (left or right) T-module. Choose a good 
filtration of M, in the sense of [151 Definition 5.1]. Then gr M is a finitely generated 
grT-module by [El Lemma 5.4]. By Lemma [4. 11 grT is GK-Cohen-Macaulay. In 
particular, 

(4.1) jgrT(gr-M^) -l-GKdimgrM = GKdimgrT. 

By Lemma [4.11 GKdimT = GKdimgrT = m. Since grT is affine and grM is a 
finitely generated gr T-module, GKdimM = GKdimgrM by [El Proposition 6.6]. 
Finally, as in the proof of [S] Theorem 3.9], M) = friM). The result now 

follows from gU. 

(3) By Lemma lrTl and filtered-graded considerations [27l Corollary 7.6.18], T has 
(right and left) global dimension at most m. Taking M to be the trivial T-module 
k in (2) yields frik) = m. Hence the global dimension of T is m. 

The Hopf algebra H is Auslander-Gorenstein by [40l Corollary 6.11], and so, 
by [231 Proposition 2.3], the left coideal subalgebra T is too. Being Auslander- 
Gorenstein of finite global dimension, T is by definition Auslander-regular. 

(4) By part (2) and the fact that gldimT = m, it remains only to check that the 
non-zero space Ext™(fc,T) satisfies 

(4.2) dim/; Ext™(/c, T) = 1. 

In the sense of [S] Chapter 2.6], the filtration on the T-module k (coming from 
the coradical filtration of T) is good, [27l 8.6.3]. This yields good filtrations on 
the T-modules Exty(fc,T) - let gr^(Exty(fc, T)) denote the associated graded grT- 
modules, for j = 0,..., m. By [S] Proposition 6.10], gr^(Ext^(fc, T)) is a sub factor 
of the gr T-module Extgj..j,(fc, grT). By Lemma ITT] gr T is AS-regular of dimension 
m, so that Ext™y(fc,grT) = k. Thus 

dimfcExt™(fc,T) = dim^ Ext™r(fc, grT) < 1, 


as required. 


□ 
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The enveloping algebra i/ = {7(g) of a finite-dimensional simple complex Lie 
algebra g has Krull dimension dimc(b), where b is a Borel subalgebra of g, pT] , 
Thus the inequality in Theorem I4.3f 11 is strict in general. 

4.3. The Calabi-Yau property for quantum homogeneous spaces. Let A 

be a 7-algebra. For a left A°P-module (that is, A-bimodule) M and k- 

algebra endomorphisms u, a of A, denote by the A®-module whose underlying 
vector space is M, with A®-action 

a ■ m ■ b = iy{a)ma{b). 

for a,b G A,m G M. If u = Id, write rather than 

Definition 4.4. ([Sj) An algebra A is v-twisted Calabi-Yau of dimension d for a 
7-algebra automorphism v oi A and an integer d > 0 if 

(1) A is homologically smooth, that is, as an A®-module, A has a finitely gen¬ 
erated projective resolution of finite length; 

(2) Ext( 4 e(A,A®) = Si^dA'' as A®-modules, where the A®-module structure on 
the Ext group is induced by the right A®-module structure of A®. 

Then v is uniquely determined up to an inner automorphism and is called the 
Nakayama automorphism of A. Some authors use the term “u-skew” rather than 
“u-twisted”. We omit the adjective “twisted” if u is inner. 

Remark 4.5. ([25]) Let A be an AS-Gorenstein 7-algebra of dimension d. Taking 
7 to be the left A-module annihilated by the augmentation ideal A~^ of A, the 
one-dimensional space Ext(^(^7,^A) is the left homological integral of A, denoted 
From its definition, it has an induced A-bimodule structure: the left A-action 
is induced by the trivial action on 7, whereas the right A-module structure on 
is induced from the right A-module structure on A. Thanks to the AS-Gorenstein 
hypothesis, this right A-module structure induces a character y : A —> 7 such that 

/ • a = x(a)/. 

for all / S and a G A. 

Recall that a Hopf algebra A (with bijective antipode) which is noetherian and 
AS-Gorenstein of dimension n is twisted Galabi-Yau of dimension n, (8] Proposition 
4.5]. In view of [401 Corollary 6.10], the homological corollary of Theorem l2.Il this 
applies in particular to a connected Hopf 7-algebra H of finite GK-dimension n. 
Moreover, also by [8j Proposition 4.5]), the Nakayama automorphism u of 77 is 
given by 



where S denotes as usual the antipode of 77 and denotes the left winding auto¬ 
morphism of the character y : 77 —>■ 7 defined by as in Remark 14.51 That is, 
= YjX{hi)h 2 for 7 e 77. 

Naturally, one asks: does this generalise to a right quantum homogeneous space 
T of a connected Hopf 7-algebra 77 of finite GK-dimension? 
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By Theorem I4.3r 4^ such a right coideal subalgebra T is AS-Gorenstein, and so 
has a left homological integral with character y : T —>■ fc. A priori, the map 

t^:T ^ H X{ti)t2 

while easily seen to be an algebra homomorphism, might not take values in T. But 
this is in fact so for all such quantum homogeneous spaces T in H, by [231 Lemma 
3.9], building on work of [15]. Consequently, we obtain: 

Proposition 4.6. Let H be a connected Hopf k-algebra with finite Gel’fand-Kirillov 
dimension. 

(1) Let T be a right coideal subalgebra of H with GKdimP = m. Then T 
is twisted Calabi-Yau of dimension m. Retaining the notation introduced 
above, so in particular x is the character of the right structure of the left 
integral of T, the Nakayama automorphism v of T is 

. = S^o4. 

(2) The same conclusions apply to a left coideal subalgebra T of H, with x o-s 
in (1), with Nakayama automorphism v of T 

v = S-^oN^. 

Proof. (1) That T is homologically smooth follows from [24l Lemma 3.7]. Given 
that T is AS-regular by Theorem l4.3r 4L [24l Theorem 3.6] implies that T is v- 
twisted Calabi-Yau , with v = 3“^ o t^. 

(2) Let T be a left coideal subalgebra of H := {H, fi, A, S,€). By Lemma 
1.5.11], H' := {H, p, A°P, S~^,e) is a Hopf algebra, clearly connected, and with the 
Gel’fand-Kirillov dimensions of H and its subalgebras unchanged, since the algebra 
structure is the same. However, T is now a right coideal subalgebra of H', so part 
(1) can be applied to it. Hence, the Nakayama automorphism is as stated in (2), 
with a right winding automorphism appearing now (with respect to A) because the 
coproduct for H is A°p. □ 


Here is a typical example to illustrate the proposition. 

Example 4.7. Nakayama automorphism of a coideal subalgebra of B{X). 

The notation is as introduced in il3.5l So the right coideal subalgebra we con¬ 
sider is Roc, ■= k{Y,W) C B{X), where W := Z — XY. As noted in Proposi¬ 
tion [321 [bL)b"] = — Then Roc is a right coideal subalgebra of B{X) with 
GKdimi?oo = 2, and Roc is isomorphic to the Jordan plane. By Proposition 14.61 
to compute the Nakayama automorphism of Roc we must compute the right Roc- 
module structure of = Ext^^ (fc, i?oo)- 


For an automorphism r of i?oo, call b G Roc t -normal if T{a)b = ba for all 
a G Roc- Thus Y is a cr-normal element of Roc, where cr{Y) = Y, a{W) = W -h ^Y. 
Set Roc = Rac/YRoc- Then Roc = k[W], so that 



Ext^(fc, Roc ) 
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Hence, by the noncommutative Rees Change of Rings theorem, [8l Lemma 6.6], 
there is an i?oo-bimodule isomorphism 



where the final isomorphism above holds since twisting by ct ^ does not alter the 
structure of the trivial Roo-module. Therefore, by Proposition 14.61 


I 

so that 

iy{Y) = Y and v{W) = W-Y. 

The above calculation agrees with that carried out for the Jordan plane by other 
means in, for example [HI §4.2]. 


Remark 4.8. If T is a Hopf subalgebra of H = {H, A, S,e), then both parts of 
the proposition apply to it. The Nakayama automorphism of a skew Calabi-Yau 
algebra is unique up to an inner automorphism of the algebra, but in this case H 
and thus T have no non-trivial inner automorphisms, thanks to the fact that the 
only units of connected Hopf /c-algebras of finite Gel’fand-Kirillov dimension are 
in k*, since this is true for their associated graded algebras by Zhuang’s Theorem 
o Thus, generalising [51 4.6] for the particular case of connected algebras, we 
find that, for a Hopf subalgebra T of the connected Hopf /c-algebra H of finite 
Gel’fand-Kirillov dimension, 


(4.4) 




where x is the character of the right structure on We find this formula rather 
curious, given that there is no obvious relationship between and 


The following corollary of Proposition 14.61 ought to have a more direct proof. 


Corollary 4.9. Let C be a commutative right or left coideal subalgebra of a con¬ 
nected Hopf k-algebra H of finite Gel’fand-Kirillov dimension. Then = Idc- 

Proof. Apply Proposition 14.61 to C. Commutativity of C ensures that both the 
character y and the automorphism v are trivial, meaning y = e and v = Idc- 
Substituting these values in the formula for v gives the desired conclusion. □ 


Note that the corresponding result to the above with “cocommutative” replacing 
“commutative” is rather trivial, since then C is a cocommutative Hopf subalgebra 
of JL, as was noted in >i3.2l 


5. Invariants of Quantum Homogeneous Spaces 

5.1. Preliminaries on gradings. Let A = ® j>o A(i) be a connected N-graded 
A:-algebra with dimfc(A(i)) < oo for all i > 0. We write 

OO 

hA{t) = y^dimfc 

for the Hilbert series of A. We need the following well-known and easy lemma. 


17 


Lemma 5.1. Let A,B and C he locally finite connected N-graded algebras, with 
A = B (g)k C as graded algebras. Then 

hA(t) = hB{t)hc{t). 

The next easy lemma is key to the definitions in this section. 

Lemma 5.2. Let R be a commutative connected N-graded commutative polynomial 
k-algebra, with homogeneous polynomial generators xi,... ,Xn. Let m = ® j>Q R{i) = 
{xi ,..., Xn) be the graded maximal ideal of R. 

(1) Homogeneous elements yi,... form a set of polynomial generators of R 
if and only if their images in m/m^ form a k-basis for this space. 

(2) Let C and D he graded polynomial subalgebras of R such that C Q D and 

R = C[zi,... ,zt] = D[wi,..., Wr]; that is, R is a polynomial algebra over 
C and over D. Then there exist homogeneous elements in m 

such that 

C = k[ui,...,U„-t], D = k[ui,...,Un-r], R= k[ui,...,Un]. 

(3) The multiset cr(C') of degrees of a homogeneous set of polynomial generators 
ofC eguals the multiset of degrees of a homogeneous basis of vciHC/(mDC)^, 
and hence is independent of the choice of such a generating set. 

(4) (t(C') C a{D), with equality if and only ifC = D. Equivalently, the Hilbert 

polynomial hc{t), which equals 11 ^ 6 ( 7 ( 0 ) divides huit). 

Proof. (1)=>: This is trivial. 

<;=: Let yi,... ,yn be homogeneous elements of R whose images modulo form 
a fc-basis for m/m^. Define A = k{yi,... ,yn). Suppose that A^ R, and let s be 
minimal such that 

A{s) C R(s). 

Since R{s) fl is spanned by products of pairs of elements in {i?(j) : i < s}, 

(5.1) i?(s) n = A(s) n C yl(s). 

Choose X e R{s) \ A(s), so a: ^ m^. By hypothesis, there exist € k, 1 < j < n, 
such that 

x:=x-Y^ XjPj G 

3 

Clearly, for all j with Xj ^ 0, the degree of yj is s. But by (15.11) this forces x G ^(s), 
so that X G ^(s), contradicting the choice of x. Therefore we must have A = R, 
and finally considering Krull (or equivalently Gel’fand-Kirillov) dimension shows 
that yi,... ,yn are polynomial generators of A. 

(2) First, note that since R = C k[zi ,. ■ ■, Zt], D C = (m D CY. Choose 
homogeneous elements ui,..., Un-t in mnC whose images modulo m^nC = (mDC)^ 
form a fc-basis for m D C/m^ D C. Thus, by part (1), C = k[ui,... ,Un-t]- Then 
m n Cjvc? n C embeds in m D Djxc? D D = m D D/{m D DY , so we can extend 
{ui,..., Un-t\ to a set of homogeneous elements {ui ,..., Un-r} of D, of positive 
degree, whose images modulo xn^ H D provide a fc-basis for m D D/(m D D)^. By 
(1) again, D = k[ui,... ,Un-r\- A further repeat of the argument extends the set 
to homogeneous polynomial generators {ui, ... ,Un} oi R. 

(3) This is clear from (1) applied to C rather than R, since the degrees and 
dimensions of the homogeneous components of m D C'/(m fl CY are fixed. 
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(4) This is immediate from (2) and (3). The equivalent formulation in terms of 
Hilbert series follows from Lemma EH □ 

5.2. The signature and the lantern. Lemma r5.2f 3l ensures that the following 
definitions make sense. That the previous parts of the definition apply to T as in 
part (4) follows from Lemma [4.II 

Definition 5.3. (1) Let i? be a connected N-graded polynomial algebra in n 

variables, n < oo. The signature of R, denoted by cr(i?), is the ordered 
n-tuple of degrees of the homogeneous generators. 

(2) Let A be an N-filtered algebra, with filtration A = {Ai}i>o, such that 
the associated graded algebra gr A = 0- Ai/Ai-i is a connected N-graded 
polynomial algebra in n variables, n < oo. The A — signature of A, denoted 
by cr^{A), is the signature of gi A in the sense of (1). Where no confusion 
is likely refer simply to the signature of A, denoted o'(A). 

(3) With A, A and giA as in (2), suppose that giA has rm homogeneous 
generators of degree di, 1 < i < t, with 1 < di < • • • < dt, so that 
Si=i = n. Then we write 

a{A) = {d^r\---.d^r\ 

When mi = 1, the exponent (m^) is omitted. 

(4) Let k be an algebraically closed field of characteristic 0. Let H he a 
connected Hopf fc-algebra of finite Gel’fand-Kirillov-dimension, with a left 
coideal subalgebra T, with coradical filtration T as defined in 1 12.21 Then 
the signature of T, denoted cr(T), is the T-signature of T as defined in (2). 

Dualising the above definition, as follows, gives certain benefits, as we shall see. 
The definition of the lantern of a connected Hopf fc-algebra, and the key parts (1), 

(2), (4) and the corollary of Proposition EH are due to Wang, Zhang and Zhuang, 
m Definition 1.2 and Lemma 1.3]. Proofs are given again here for the reader’s 
convenience, in the course of extending their definition. 

Definition 5.4. (1) Let R = 0“q R{i) denote a connected N-graded polyno¬ 

mial algebra in n variables, n < oo. Let := 0 ^q R{i)* be the graded 
dual of R, so Vr is a graded cocommutative coalgebra. 

(2) The lantern £(i?) of R is the space of primitive elements of Vr. That is, 

£(i?) := P{Vr), 

a graded subcoalgebra of Vr. Note that £(i?) is non-zero provided R^ k, 
since then k = 'Dr{0) C Vr). 

(3) Let A be an N-filtered fc-algebra, with filtration A = {H„}„>o, satisfying 

the hypotheses of Definition 15.31 21. Define the A — lantern of A, denoted 
by to be the lantern of the graded polynomial algebra gi A. Where 

no confusion is likely, shorten notation to 

(4) Let k be an algebraically closed field of characteristic 0. Let H he a 
connected Hopf fc-algebra of finite Gel’fand-Kirillov-dimension, with a left 
coideal subalgebra T with coradical filtration T, as in 112.21 Then the lantern 
C{T) of T is the T-lantern of T as defined in (3). 

Proposition 5.5. Let H be a connected Hopf k-algebra of finite G elf and-Kirillov 
dimension n, and let T be a left coideal subalgebra of H, with GKdimT = m. Let 


19 


(1) The graded dual Vh = (g^H)* is a sub-Hopf algebra of the finite dual 
(gri7)°; as such, it is isomorphic to the enveloping algebra U(C{H)). 

(2) The lantern C{H) is a positively graded Lie algebra, with 

t 

C{H) = ^ C{H){di), d\mkC{H){di) = m^, d\mkC{H) = n. 

(3) Let W be the unipotent group of dimension n such that gvH = 0(W). Then 
C{H) is the Lie algebra of W. 

(4) C{H) is generated in degree 1. 

(5) Let Yt be the closed subgroup of W defined by the Hopf ideal grT+griJ 
of giH. Let be the Lie subalgebra of C{H) corresponding to Yx- The 
graded dual Dt is a graded left U{C{H))-module, isomorphic as such to 

U{C{H))/U{£{H))r)T. 

(6) The lantern C{T) is the graded guotient C{H)/x)t- 

(7) The following are equivalent. 

(a) cr(r) = .. .,e^I‘'‘). 

(b) dimfe£(r)(ei) = Vi for i > 1. 

(c) /igrT(i) = ni=l ■ 

Proof. (1) Let m = (Bi>iH{i) be the graded maximal ideal of griJ. By construction, 
T^h = {f & igrH)° : /(m-’) = 0 for j > 0}. 

By [28l Proposition 9.2.5], Vh is a sub-Hopf algebra of (griJ)°; more precisely, 

Vh = U{P{Vh)), 

the enveloping algebra of the Lie algebra of primitive elements of Vh- Note also 
that, by Definition 15.4f 11 and [551 Lemma 9.2.4]. 

(5.2) C{H) = P{Vh) = {f &Vh-- /(m^ + kl) = 0}. 

(2) Since Vh is a graded Hopf algebra, its subspace C{T[) of primitive elements 
is a graded Lie algebra: for d > 1, 

C{H){d) = {/ G {H{d)r : /(m^ n H{d)) = 0}. 

Thus, for all d > 1, 

(5.3) dimfc£(id)(d) = dim^(id(d)/m^ fl H{d)) = dimfe((m/m^)(d)). 

By Lemma [5l2f 31. this completes the proof of (2). 

(3) This follows from (15.21) and the definition of the Lie algebra of an algebraic 
group, [m §9.1]. 

(4) This is Lemma 5.5]. 

(5) Appealing again to [T6| §9.1] and noting (15.2L 

^ Hr ={/ G C{H) : /((grr)+grid) = 0} 

={/ e Vh : /((grT)+grid -(- kl) = 0}. 

The convolution product makes Vx into a left module over Vh = U{C{H)) : namely, 
for u G U{C{H)), f G Vx and t G grT, 

uf{t) = U{tl)f{t 2 ). 

It is clear that, with respect to this action, the restriction map 
p : U[C{H)) = (grid)* ^ Vx = (grT)* 
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is a homomorphism of left {7(£(i?)-modules. From (|5.4I1 . X)t C kerp, and hence 

(5.5) U{C{H))x)t C kerp. 

It remains to check that equality holds in (I5.5|l . Take a graded basis {ui, 
of jC-{H), where {ui ,..., Um} is a dual basis to a set xi,... Xm of graded polynomial 
generators of grT and where {um+i, ■ ■ ■, Un} forms a basis of r)T- Let Xi € H{di), 
so Ui G H{di)* for i = 1, ..., n. Thus U{C{H)) = Vh is graded, where, for j > 0, 
a basis of U{C{H)){j) is given by the ordered monomials u[^ for which 

Sr=i ~ d- Then U{C{H)x)T{j) is spanned by those ordered monomials in the 
Ui of degree j for which > 0 for some i > m. Comparing the dimensions of 'DtU) 
with {U{C{H)/U{C{H)x)){j) for j > 0 now yields equality in (15.51) . 

(6) It follows from (15.31) and (15.41) that 

iC{H)/^){d) ^C{H){d)/m 

(5.6) ={/ G {H{d)r : /((m^ + (grT)+gri/) n H{d)) = 0} 
-((grT)+/(m2n(grr)+)(d))L 

Since the final term above is C{T){d), this proves (6). 

(7) The equivalence of (a) and (c) was noted in Lemma [5^ 41 and its proof. The 

equivalence of (a) and (b) is (15.31) . □ 

In the literature, a finitely generated positively graded (and hence nilpotent) 
Lie algebra which is generated in degree I is called a Carnot Lie algebra] they are 
important in a number of branches of mathematics, for example in Riemannian 
geometry. For a brief review with references, one can consult for instance [5] 

The classical part of the picture described by the theorem, that is the connected 
cocommutative aspect familiar from basic Lie theory, is as follows. 

Corollary 5.6. Retain the notation of the above theorem. Then the following are 
equivalent: 

(1) C{H) is abelian; 

(2) C{H) = C{H){1); 

(3) H is cocommutative; 

(4) H = U (g) as a Hopf algebra, for some n-dimensional Lie algebra g; 

(5) grH is cocommutative; 

(6) W is abelian, W = (fc, +)"; 

(7) a{H) = (!(-)). 

Proof. (!)=)> (2): If C{H) is abelian, then C{H) = C{H){1) by Proposition 15.51 41. 

(3)<t4>(4) This is a special case of the Cartier-Kostant-Gabriel theorem [28l The¬ 
orem 5.6.5]. 

(5)<t4>(6): That W is abelian if and only if its coordinate ring grH is cocommu¬ 
tative is immediate by duality. That, in this case, W = {k, -I-)" is a consequence 
of the structure of abelian algebraic groups in charactersitic 0, [m Corollary 17.5, 
Exercises 15.11, 17.7]. 

(2) <S=>(7): This is a special case of Proposition 15.51 

(7)=>(4): Suppose cr{H) = (1^”^). Then grH is generated by elements of H{1), 
that is, by primitive elements. Hence grH is cocommutative. 

(3) =^>(5): Trivial. 
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(5)=>(7): If gri7 is cocommutative, then by the Cartier-Kostant-Gabriel theorem 
[28l Theorem 5.6.5]it is an enveloping algebra as a Hopf algebra, so generated by 
the space H{1) of primitive elements. That is, ^{H) = (1^"^). □ 

We return to the family of examples B{X) to illustrate aspects of Proposition 

1^31 

Example 5.7. Signature and lantern of B{X). The connected Hopf algebras 
B{X), for X G k, were recalled from [40] in 113.51 They constitute one of two infinite 
families of connected Hopf /c-algebras of Gel’fand-Kirillov dimension 3. Starting 
from the description of the coideal subalgebras of B{X) in Proposition 13.71 one 
easily calculates the following facts: 

(1) u(H(A)) = (1(2),2). 

(2) £{B{X)) is the Heisenberg Lie algebra of dimension 3; equivalently, the 
group W with coordinate ring giB{X) is the 3-dimensional Heisenberg 
group. Here, giB{X) = k[X,Y,Z] in the obvious “lazy” notation for lifts of 
elements to the associated graded algebra. 

(3) The unique two-dimensional Hopf subalgebra of B{X), namely k{X,Y : 
[X, F] = Y), labelled Lq = Ro in Proposition l3.71 has signature (1^^^), with 
grLo = k[X,Y]. 

(4) The remaining two-dimensional left and right coideal subalgebras Lp,Rp, 
for P G {oo}U(fc\{0}), have signature (1, 2). For all such /3, grL/j = k\Y, Z] 
and gri ?/3 = k[Y, Z — XY], 

5.3. Numerology. The first of the two results in this subsection assembles what 
we know about the signature of a connected Hopf algebra H. The second theorem 
gives a parallel account of the known numerical constraints on the signature of a 
quantum homogeneous space of such an H. For convenience, some results obtained 
earlier in the paper are restated here. 

Theorem 5.8. Let k be an algebraically closed field of characteristic 0, and let H 
be a connected Hopf k-algebra of finite Gel’fand-Kirillov dimension n. Let 

a{H) = so hg,H{t) = n 777173^ ■ 

i=l ' ' 

(1) (Wang, Zhang, Zhuang, [33 Lemma 1.3(d)]j If n > 1, then mi > 2. That 
is, dimfcP(77) > 2 i/GKdimiJ > 2. 

(2) (NO GAPS) {di, ...,dt} = {l,...,t}. 

(3) For all i = 1,... ,t, 

I 

d\i 

where /i : N —)• N is the Mobius function. 

Proof. (1) Since C{H) is generated in degree 1 by Proposition 15.Si dl. C{H) and 
hence H would be one-dimensional if dim^ C{H) = 1. 

(2) A lemma on N-graded Lie algebras which are generated in degree 1, proved 
easily by induction, implies that, for all i > 1, 

L{H){i + l) = \C{H){l),C{H){{)\. 

Thus (2) follows from this and Proposition 15.5f 21. 
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(3) Let 1 < i < t. By (2) and Proposition [53j7), rrii = diuik so the 
bound follows Proposition I5.5f 4i and from the well-known Witt formula for the 
dimension of the ith graded summand of the free Lie algebra on mi generators of 
degree 1, [39], [32]. □ 

Theorem 5.9. Let k and H be as in Theorem \5.8[ Let each of K and L be right or 
left coideal subalgebras of H, of Gelfand-Kirillov dimensions m and I respectively, 
withLCK. Let a{K) = ... ,ef‘^) and a{L) = , fp'^”^). 

(1) m = J2^n> Ej Qj = 

(2) £ = m if and only if L = K. 

(3) (t(L) is a sub-multiset of a{K). That is, 

hgrL {£') I hgYK (f) ■ 

Equality holds (of multisets and of Hilbert polynomials) if and only if L = 

K. 

(4) If K ^ k then ei = 1. Similarly, of course, for L. 

Proof. (1) Immediate from Lemma fd.ll and the dehnition of the signature, Definition 
[53I4). 

(2) This is a consequence of the corresponding result when H is commutative. 
Theorem 13.dl di. together with Lemma [4.II 

(3) Immediate from the defition and from Lemma [5?2j4). 

(4) This is Lemma [mi 

□ 

Remarks 5.10. (1) One might expect that Theorem 15.80 1 applies more gener¬ 
ally, namely to quantum homogeneous spaces rather than just to Hopf algebras, 
especially in the light of Theorem 15.9f 4L But this is not the case, as is illustrated 
hy H = B{X), see Example [5T{4). 

(2) Similarly, the No-Gaps Theorem 15.81 3') does not extend to quantum homo¬ 
geneous spaces. This is shown by the example below. 

Example 5.11. A quantum homogeneous space with signature (l(^\3). 
The example is one of the families listed in the classification of connected Hopf 
algebras of Gel’fand-Kirillov dimension 4, m Example 4.5]. Let a, 6, Ai,A 2 G 
k, and let E be the fc-algebra generated by X, Y, Z, W, subject to the following 
relations: 

[Y, A] = [Y, Y] = 0, [Y, A] = A, [W, A] = aA, 

[lY, Y] = bX, [W, Z]=aZ -W-£ Ai A -f A 2 Y. 

It is shown in m that there is a Hopf algebra structure on E such that E is 
connected with GKdimE = 4. Namely, one defines A, Y, Z,W G here, and A : E ^ 
E Z) E is fixed by setting A, Y G P{E) and 

A{Z) = l(g)Z + X(S>Y-Y(S>X + Z(g)l, 

A{W) = 1®W + W ® I+Z ®X-X®ZEX®XYEXY®X. 

In [m Proposition 4.8] it is shown that 


a(E) = (l(2),2,3); 
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indeed one can see from the definition of A that Z € E 2 \Ei and W S i ?3 \ £^ 2 - 
Define T = k{X, Y^W — X Z) and confirm easily that 

T = k[X,Y][{W-XZ)-d], 

where d{X) = aX — X"^ and d{Y) = bX. Note that Z and that 
A(W - XZ) = 1®(W - XZ) + {W - XZ) ® 1 

+ 2{XY ®X) + 2{X ®Z) + X^^Y-Y^X^ 

eT®E. 

Thus T is a right coideal subalgebra of E, with 

a(T) = (l(2),3). 

6. Questions and Discussion 

Some questions concerning connected Hopf algebras are listed in the survey arti¬ 
cle [4]. We don’t repeat those questions here, focussing instead on the possible role 
of quantum homogeneous homogeneous spaces in the study of these Hopf algebras. 
As elsewhere in this paper, k is algebraically closed of characteristic 0. 

6.1. Classification of algebras. 

Question 6.1. Let T be a /c-algebra with a finite dimensional filtration E = {Ti : 
i > 0} with Tq = k, such that grjrT is a commutative polynomial algebra in finitely 
many variables. What conditions on T and E are required to ensure that T is 
a quantum homogeneous space of a connected Hopf algebra with GKdimiJ < oo, 
with E the coradical filtration of Tl 

This question appears to be difficult. There are some easy observations to be 
made: some numerical constraints on T can be read off from Theorem 15.91 and T 
has to admit a 1-dimensional representation, the restriction of the counit. If the 
additional hypothesis is imposed, that grjpT is generated by finitely many elements 
of degree 1, then Ti is a Lie algebra with respect to the bracket [a, 6] = ab — ba. 
Hence, by the universal property of enveloping algebras, T is an epimorphic image 
of U(Ti) (assuming only grT affine commutative, not necessarily a polynomial 
algebra). This observation is due to Duflo, [TT], [23 Proposition 8.4.3]. Such 
algebras are called almost commutative in m- But the Jordan plane is a quantum 
homogeneous space of a connected Hopf algebra, by Proposition 13.71 Since the 
Jordan plane is shown in [13 Proposition 14.3.9] not to be almost commutative, it 
follows that the class of /c-algebras defined by Question 16.II is not a subclass of the 
class of almost commutative algebras. 

One can refine Question 16.II in various ways. For example, one can ask what is 
needed so that T is a connected Hopf algebra, not just a quantum homogeneous 
space. In particular, we asked in [dj Question L] whether every such T is the 
enveloping algebra of a finite dimensional Lie algebra. The answer to this is ”No”, 
as we shall demonstrate in [5]. 

In a second direction, one can restrict the size of T in Question 16.11 and ask for 
a classification. As noted in nn if GKdimT < 1, then T is either k or k[x], with x 
primitive. Beyond dimension 1, the question is open: 

Question 6.2. What are the quantum homogeneous spaces T with GKdimT = 2 
in connected Hopf fc-algebras H of finite Gel’fand-Kirillov dimension? 
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If this is too easy, one can consider the same question for H a Hopf domain 
of finite Gerfand-Kirillov dimension, not necessarily connected. Note that the 
corresponding question for T = H of dimension 2 has been answered in [S]. 

6.2. Classification via the signature. The signature may offer a useful way to 
organise the possible H and the possible T. So, for example, in the sense that all 
finite dimensional Lie fc-algebras are “known”, we can describe all the connected 
Hopf fc-algebras with H with a{H) = (1*^"^) - namely, they are the enveloping alge¬ 
bras H = U{q) with g = P{H). And the same holds for the quantum homogeneous 
spaces T with this signature, by 113.21 Next up might be the primitively thick con¬ 
nected Hopf algebras H, these being the ones with signature (j{H) = (l("'“^\2). 
These are completely described, along with their coideal subalgebras, in [5] . There 
are various options as to what to consider next; for example, one can aim to classify 
the primitively thin algebras, those at the opposite extreme from the thick ones. 
Namely: 

Question 6.3. Classify the connected Hopf fc-algebras H with a{H) = ...). 

Do the same for the quantum homogeneous spaces T with a{T) = (1,...). 

Note that the second part of Question 16.31 incorporates Question 16.21 

6.3. Quantisations of unipotent groups. Recall that if H is connected Hopf 
fc-algebra of finite Gerfand-Kirillov dimension, then grH is the coordinate ring of a 
unipotent fc-group U. Naturally, one should consider reversing this passage to the 
associated graded algebra of H: 

Question 6.4. Which unipotent A:-groups U admit non-trivial “lifts”? That is, for 
which such U does there exist a noncommutative connected Hopf algebra H with 
grH ^ 0{U)? 

Of course the answer to Question l6.4l is known when U is abelian: if U = {k, -|-)” 
for any n > 1, one can take H = U{q) where g is any non-abelian Lie algebra of 
dimension n. So perhaps a first step on the route towards answering Question 16.41 
might be: 

Question 6.5. Is there a unipotent group U with diniG > 1 and with LieG Carnot, 
which has no non-trivial lift? 

6.4. Complete flags of quantum homogeneous spaces. If iL is a commutative 
connected Hopf /c-algebra of finite Gel’fand-Kirillov dimension n, then, as we noted 
in Theorem l3.31 there is chain of n-1-1 coideal subalgebras (in fact Hopf subalgebras) 
from k to H. The same is not always true in the cocommutative case, where (by an 
easy argument making use of [3 §3.1, Examples (iii),(iv)]), such a flag exists if and 
only if g has solvable radical r with g/r isomorphic to a finite direct sum of copies 
of s[(2,fc). Bearing these cases in mind and aiming to develop a generalisation of 
the solvable radical in the connected Hopf setting, one might propose the following: 

Question 6.6. (i) Is there a good structure theory for connected Hopf fc-algebras 
H which possess a complete flag of coideal subalgebras Ki, 

k = KoCKiC---CK^ = H, 
with H a Hopf ideal of HI 

(ii) If H is any connected Hopf fc-algebra of finite Gel’fand-Kirillov dimension, 
does H have a maximal adiL-normal Hopf subalgebra R with the property (i)? 
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(iii) Given (ii), what can be said about the Hopf algebra H/R^Hl 

(iv) How does the class of Hopf algebras in (i) compare with the IHOEs studied 
in [7]? 


References 

[1] N. Andruskiewitsch, H. J Schneider, Finite quantum groups and Cartan matrices, Adv. Math. 
154 (2000), 1-45. 

[2] N. Andruskiewitsch, H. J Schneider, Pointed Hopf algebras, in Recent Developments in Hopf 
Algebra Theory., MSRI Publications 43 (2002), CUP. 

[3] J.-E. Bjork, The Auslander condition on Noetherian rings Seminaire d’Algebre Paul Dubreil 
et Marie-Paul Malliavin, 39eme Annee (Paris, 1987/1988), 137173, Lecture Notes in Math., 
1404, Springer, Berlin, 1989. 

[4] K.A. Brown and P. Gilmartin, Hopf algebras under finiteness conditions, Palestine J. Math. 
3 (2014), 356365. 

[5] K.A. Brown, P. Gilmartin and J.J. Zhang, Connected (graded) Hopf algebras, in preparation. 

[6] K.A. Brown, K.R. Goodearl, Lectures on Algebraic Quantum Groups, Birkhauser, 2002. 

[7] K.A. Brown, S. O’Hagan, J.J. Zhang and G. Zhuang, Connected Hopf algebras and iterated 
Ore extensions, J. Pure and Appl. Algebra 219 (2015), 24052433. 

[8] K.A. Brown, J. Zhang, Dualising complexes and twisted Hochschild (co)homology for noe¬ 
therian Hopf algebras J. Algebra 320 (2008), 1814-1850. 

[9] Y. Cornulier, Gradings on Lie algebras, systolic growth, and cohopfian properties of nilpotent 
groups, arXiv:1403.5295^4. 

[10] M. Demazure, P. Gabriel, Groupes Algebriques 1. North Holland, Amsterdam, 1970. 

[11] M. Duflo, Certaines algebres de type fini sont des algebres de Jacobson, J. Algebra 27 (1973), 
358-365. 

[12] K.R. Goodearl, R.B. Warfield, An Introduction to Noncommuative Noetherian Rings, London 
Math. Soc. Student Texts 61, Cambridge University Press, 2004. 

[13] K.R. Goodearl, J.J. Zhang, Noetherian Hopf algebra domains of Gel’fand-Kirillov dimension 
two, J. Algebra 324 (2010), 3131-3168. 

[14] K.R. Goodearl, Noetherian Hopf algebras, Glasgow Math. J 55 (2013), 75-87. 

[15] L. Huishi, F. van Oystaeyen, Zariskian Filtrations, Kluwer, 1996. 

[16] J. E. Humphreys, Linear Algebraic Groups, Graduate Texts in Mathematics, Springer, Berlin, 
1975. 

[17] M. Koppinen, Coideal subalgebras in Hopf algebras: freeness, integrals, smash products. 
Communications in Algebra 21 (1993), 427-444. 

[18] U. Kraehmer, On the Hochschild (co)homology of quantum homogeneous spaces, Israel J. 
Math. 189 (2012), 237-266. 

[19] G. Krause, T.H. Lenagan, Growth of Alegbras and Gelfand-Kirillov Dimension, (revised 
edition), Graduate Studies in Maths. 22, Amer. Math. Soc. 2000. 

[20] M. Lazard, Sur la nilpotence de certains groupes algebriques, C.R Acad. Sci. Ser. 1 Math. 
41 (1955) 1687-1689. 

[21] T. Levasseur, Krull dimension of the enveloping algebra of a semisimple Lie algebra, Proc. 
Amer. Math. Soc. 130 (2002), 3519-3523. 

[22] L.-Y. Liu, S. Wang, Q.-S. Wu, Twisted Calabi Yau Property of Ore extensions, J. Noncomm. 
Geometry 8 (2014), 587-609. 

[23] L.-Y. Liu, Q.-S. Wu, Twisted Calabi Yau Property of right coideal subalgebras of quantised 
enveloping algebras, J. Algebra 399 (2014), 1073-1085. 

[24] L.-Y. Liu, Q.-S. Wu, Rigid Dualizing Complexes of quantum homogeneous spaces, J. Algebra 
353 (2012), 121-141. 

[25] D.-M. Lu, Q.-S. Wu, J.J. Zhang, Homological integral of Hopf Algebras, Trans. Amer. Math. 
Soc. 359 (2007), 4945-4975. 

[26] A. Masuoka, On Hopf Algebras with Cocommutative Coradicals, J. Algebra 144 (1991), 451- 
466. 

[27] J.C McConnell, J.C. Robson, Noncommutative Noetherian Rings, John Wiley and Sons, 
1988. 

[28] S. Montogomery, Hopf Algebras and their Actions on Rings, GBMS Regional Conference 
Series in Mathematics 82, Amer. Math. Soc., Providence Rl, 1993. 


26 


KEN BROWN AND PAUL GILMARTIN 


[29] K. Newman, A correspondence between bi-ideals and sub-Hopf algebras in cocommutative 
Hopf algebras, J. Algebra 36 (1975), 115. 

[30] M. Rosenlicht, Questions of rationality for solvable algebraic groups over nonperfect fields, 
Ann. Mat. Pure AppL, 61 (1963) 97-120. 

[31] H. J Schneider, Principal homogeneous spaces for arbitrary Hopf algebras, Israel J. Math. 72 
(1990), 167-195. 

[32] J.-P. Serre, Lie Algebras and Lie Groups, Benjamin, New York, 1975. 

[33] M.E. Sweedler, Hopf Algebras, W. A. Benjamin, New York, 1969. 

[34] M. Takeuchi, A correspondence between Hopf ideals and sub-Hopf algebras, Manuscripta 
Math. 7 (1972), 251270. 

[35] M. Takeuchi, Relative Hopf Modules - Equivalences and Freeness Critera, J. Algebra 60, 
(1979), 452-471. 

[36] P. Tauvel, R.T. Yu, Lie Algebras and Algebraic Groups, Springer Monographs in Mathematics 
2005. 

[37] D.G. Wang, J.J. Zhang and G. Zhuang, Connected Hopf algebras of Gelfand-Kirillov dimen¬ 
sion 4, arXiv 1302.2270vl. 

[38] W.C. Waterhouse, Introduction to Affine Group Schemes, Graduate Texts in Mathematics 
66, Springer, Berlin, 1979. 

[39] E. Witt, Treue darstellungLiescher ringe, J. reine angew. Math. 177 (1937), 152-160. 

[40] G. Zhuang, Properties of pointed and connected Hopf algebras of finite Gelfand-Kirillov 
dimension, J.London Math. Soc. 87 (2013), 877-898; arXiv:1202.4121v2. 

School of Mathematics and Statistics, University of Glasgow, Glasgow G12 8QW, 

Sgotland. 

E-mail address: Ken.Brown@glasgow.ac.uk; p.gilinartin.l@research.gla.ac.uk 


